Highly irregular m-chromatic graphs  by Alavi, Yousef et al.
Discrete Mathematics 72 (1988) 3-13 
North-Holland 
HIGHLY IRREGULAR m-CHROMATIC GRAPHS 
Yousef ALAVI* 
Western Michigan University, Kalamazoo, MI 49008, U.S.A. 
Fred BUCKLEY and Marc SHAMULA 
Baruch College (CUNY), New York, NY lGUl0, U.S.A. 
Sergio RUIZ* * 
Uniuersidad Catolica de Valparaiso, Valparaiso, Chile 
Received August 28, 1986 
Revised September 16,1987 
A graph is highly irregular if it is connected and the neighbors of each vertex have distinct 
degrees. In this paper, we study existence and extremal problems for highly irregular graphs 
with a given maximum degree and focus our attention on highly irregular graphs that are 
m-chromatic for m 3 2. 
1. Introduction 
One of the most widely studied classes of graphs are regular graphs. They show 
up in many contexts. For example, r-regular graphs with connectivity and 
edge-connectivity equal to r play a key role in designing reliable communication 
networks [2]. In the study of line graphs, Ray-Chaudhuri [6] showed that L(G) is 
regular if and only if G is a regular graph or a semi-regular bipartite graph. 
Cages, which are minimum order r-regular graphs with girth g, have been widely 
studied-see the survey by Wong [7]. Godsil and McKay [4] examined graphs 
with the property that for each vertex ZJ, the subgraph induced by the neighbors 
of u is regular and the subgraph induced by the nonneighbors of u is regular. 
They showed that such graphs are semi-regular (there are only two degrees) and 
the subgraph induced by the vertices of each degree are regular. 
In studying regular graphs, neighbors and neighborhoods often play a vital 
role. Indeed, a connected r-regular graph can be defined as a connected graph for 
which the neighbors of each vertex all have the same degree r. We study graphs 
at the opposite extreme from regular graphs. In [l] a connected graph is defined 
to be highly irregular if for each vertex v, all the neighbors of v have distinct 
degrees. In Fig. 1, we display all the highly irregular graphs of order at most 8. Of 
the seven graphs in Fig. 1, all but one is bipartite. This very high proportion of 
bipartite graphs does not continue. For example, of the 16 highly irregular graphs 
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Fig. 1. The highly irregular graphs with at most eight vertices 
of order 9 or 10, eight are bipartite. When we refer to a A-graph (or A-tree) we 
mean a graph with maximum degree A. We shall first examine existence and 
extremal problems 
graphs. 
for cycles in highly irregular graphs, focusing on bipartite 
2. Highly irregular trees 
In this section we determine the values of n for which there is a highly irregular 
tree of order n. Several preliminary observations from [l] will be useful. 
Remark 1. A vertex of degree A in a highly irregular A-graph is adjacent to 
exactly one vertex of each degree k, 1 s k s A. 
It follows easily from Remark 1 that a highly irregular A-graph has order at 
least 2. A most useful property concerning the maximum degree A is the 
following. 
Remark 2. Let G be a highly irregular A-graph on at least four vertices. Then G 
contains an induced path P4 whose internal vertices have degree A in G and 
endpoints have degree 1 in G. 
In what follows, we consider our (nontrivial) graphs to be doubly rooted at 
some pair of vertices u and u of degree A. We note that 4-trees are especially 
important in chemical applications [5]. Let T be a highly irregular A-tree of 
minimum order. Then the maximal subtree T, containing u but not n clearly has 
the same order as the maximal subtree 2;, containing TV but not u (see Fig. 2). The 
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Fig. 2. Highly irregular 4-tree T with its subtrees T, and T,. 
tree T has only two vertices of degree A. Otherwise, suppose T, has a vertex of 
degree A, and let x be the nearest such vertex to U. Let y be the neighbor of x on 
the unique path from u to X. Then deg y c A - 1 and the maximal subtree 
containing n and not y can be replaced by a tree of smaller order so that 
deg x 4 A - 1. Then T is not minimum, a contradiction. 
Theorem A. The order of a highly irregular A-tree is at least 2*. 
Highly irregular graphs were shown in [l] to exist for all orders except n = 3, 5, 
and 7. We shall give the corresponding results for trees. First, we need two 
lemmas. Since each vertex of degree A has exactly one neighbor of each degree 
k, 1 c k c A, maximum degree vertices occur in pairs. 
Lemma 1. In any nontrivial highly irregular A-graph, there is an even number of 
vertices of degree A. 
An easy observation is the following. 
Lemma 2. The highly irregular A-tree of order 2* is unique. 
Theorem 1. There exists a highly irregular tree for every order except n = 3, 5, 6, 
7, 11, 12, and 13. 
Proof. The result for it G 8 follows from Fig. 1. To obtain a highly irregular tree 
of order 9, subdivide one of the edges joining a vertex of degree 2 with a vertex 
of degree 1 in the last graph of Fig. 1. For the tree of order 10, subdivide the 
other such edge as well. 
Next we show that orders 11, 12, and 13 are not possible. By Theorem A, A is 
at most 3 for these values of n. In the tree of order 10, no additional subdivisions 
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are possible without losing the highly irregular property. Thus, when 11~ n < 15, 
a highly irregular tree of order it must have at least three vertices of degree 3, and 
by Lemma 1 it must have at least four such vertices. Also, for T to be highly 
irregular, there must be a ‘buffer’ of two degree 2 vertices between a pair of 
nonadjacent degree 3 vertices. This forces at least the graph in Fig. 3. Thus there 
are no highly irregular trees of order 11, 12, or 13. Fig. 3 shows the tree of order 
14, and a tree of order 15 is obtained by subdividing edge xy. 
Let it 3 16, let A = [log, nj, and let x = it - 2*. To construct a highly irregular 
tree T* of order 12, begin with the unique highly irregular A-tree T of order 2* 
doubly rooted at u and v. Note that the number x of additional vertices needed to 
produce T* is less than 2*. Let uk and uk be the neighbors of u and u with degree 
k. Then let a and b be the vertices of degree 1 adjacent to u2 and v2, respectively, 
let c be the vertex of degree 1 at greatest distance from u in the branch at u of T, 
containing u3, and let e be the vertex of degree 1 adjacent to v3 (see Fig. 4, 
Step 1). In Fig. 4, 
n = 49, so A = [log, 491 = 5 x = 49 - 25 = 17 = 6(2) + 5 
Let the number of additional vertices needed to produce T* be x = 6y + t, 
where y, t E (0, 1, 2, . . .} and 0 < t s 5. If y > 0, attach a string of y minimum 
order highly irregular 3-trees at vertex a so that vertex a has degree 2 (see Fig. 4, 
Step 2). If t 5 3, attach a path P4 via a center vertex at d; if t = 1 or 4, attach a 
pendant edge at b ; and if t = 2 or 5, attach pendant edges at both b and c (see 
Fig. 4, Step 3). The resulting tree is highly irregular and has n vertices. q 
In certain problems, for example in chemical applications of graph theory, one 
wants to restrict the value of A. If we limit A to 3, we can construct a highly 
irregular tree for n = 8 and then for larger n by either subdividing at most two 
possible edges or adjoining an additional tree of order 6 containing two more 
degree 3 vertices (see Fig. 3). This process can be repeated and all highly 
irregular 3-trees can be obtained in this manner. Therefore, three consecutive 
orders for which highly irregular 3-trees exist are followed by three consecutive 
orders for which there is no highly irregular 3-tree, and visa versa. Thus, for 
infinitely many values of n, there is no highly irregular 3-tree of order II. When 
A 3 4, there are A-trees on II vertices for all n 2 2*. In fact, such A-trees can be 
formed using exactly two vertices of degree A. 
Fig. 3. The highly irregular tree of order 14. 
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Fig. 4. Construction of a highly irregular tree of order 49. 
Theorem 2. There is a highly irregular 3-tree of order n if and only if n = 2, 3, or 
4 (mod 6), where n > 8. For A 2 4, a highly irregular A-tree of order n exists if 
and only if II 2 2A. 
Note that the highly irregular 3-trees are all caterpillars. We denote the family 
of highly irregular A-graphs by 94. It is easily observed that C!$, = {K,}, 
SI = {K2}, and Y& = {P4}. We show in the next section that besides the 3-trees of 
Theorem 2, the family F& of all highly irregular graphs with maximum degree 
3 contains only one other type of graph: highly irregular unicyclic graphs with 
girth 4x. 
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3. Bipartite graphs 
We now turn our attention to bipartite graphs that are not necessarily trees. 
Recall that the girth of a graph is the length of its smallest cycle. When A = 3 or 
4, we would like to know the minimum order of a highly irregular bipartite graph 
with girth g = 2t. A unicyclic graph is a connected graph containing exactly one 
cycle. The next result shows that a unicyclic highly irregular graph with maximum 
degree 3 is necessarily bipartite. 
Theorem 3. A unicyclic highly irregular graph with A = 3 and girth g exists if and 
only if g = 0 (mod 4). 
Proof. Suppose G is a unicyclic highly irregular graph with A = 3 and girth g, and 
let C be the cycle in G. Then each vertex 21 in C has degree 2 or 3, and one 
neighbor of ‘u on C has degree 2 and the other has degree 3. Thus, the degree 3 
vertices on C come in consecutive pairs, as do the degree 2 vertices, and the pairs 
alternate as we proceed around the cycle. This implies that there is the same 
number x of degree 3 pairs on C as degree 2 pairs. Thus g = 4x, so g = 0 (mod 4). 
If g = 0 (mod 4), we construct a unicyclic highly irregular graph with girth g and 
A = 3 as follows: Let C = vl, v2, . . . , ug, ul and attach a pendant edge at each 
vertex v4k+l and v4k+2. 0 
Since the neighbors of each vertex of degree 3 in Theorem 3 have degree 3 and 
degree 2 on C, its neighbor of degree 1 is not on C. The distribution of degree 3 
vertices on C then makes G uniquely determined. 
Corollary 1. For each positive integer g =O (mod 4), there is precisely one 
unicyclic highly irregular graph with A = 3 and girth g, and it has order 1(3g). 
Corollary 2. A highly irregular graph with A = 3 that is not a tree is unicyclic. 
If G is a bipartite graph with k vertices in each part, then we call G a k x k 
bipartite graph. 
Corollary 3. For all k 2 3, there is a highly irregular k x k bipartite graph with 
A = 3. 
Proof. The unicyclic graphs with girth g = 0 (mod 4) in Corollary 1 have order 
n = 3g/2. Since g = 0 (mod 4), it follows that n = 3g/2 = 0 (mod 6). In Theorem 
2, we saw that there are highly irregular 3-trees with order n = 2 or 4 (mod 6). In 
all cases, the resulting graph are k x k bipartite. Cl 
Highly irregular m-chromatic graphs 9 
Corollary 4. Let G be a highly irregular k x k bipartite graph with A = 3. If k = 1 
or 2 (mod 3), then G is a unique tree. Zf k = 0 (mod 3), then G is unique and 
unicyclic with a cycle of length 4kl3. 
The following remark is easy to prove. 
Remark 3. The minimum order of a highly irregular bipartite A-graph is 2 and 
the graph achieving the minimum is the unique highly irregular A x A bipartite 
A-graph. 
When A > 3, the graphs in Remark 3 all have girth 4. Thus, the minimum 
order of highly irregular bipartite A-graphs with girth 4 is 24. 
We now restrict our attention to highly irregular bipartite 4-graphs. By Remark 
3, the minimum order of such a graph is 8. If, additionally, we require that G be a 
tree, Theorem A and Lemma 2 imply that the minimum order is 16. The graph of 
order 8 has girth 4 and the tree has infinite girth. Thus, we consider the 
intervening girths. Since G is bipartite, each cycle (and therefore the girth) of G 
is even. Let G be a bipartite graph with A = 4 and girth g = 2t, and let C be a 
cycle of length g in G. It is easy (but tedious) to show that if there is a vertex of 
degree 4 not on C, then the order of G is at least [$(3g)] + 6 when g > 6. 
Theorem 4. Let G be a highly irregular bipartite 4-graph with girth g < 03. Then 
the minimum order of G is 
8 ifg = 4, and 
g+2[tgj +6 ifga6. 
Proof. Fig. 1 shows that the statement is true when g = 4, and the case for g = 6 
can be easily checked. Thus, suppose g 2 8. We first show that a minimum order 
graph is unicyclic. Suppose this is not the case, and let C2 be a cycle in addition to 
a first cycle C1 with g vertices. Then C2 either shares some vertices with C1 or is 
joined by some path to C1 (Fig. 5). In either case, C, introduces at least ig - 1 
additional vertices. Therefore, from C, and C, there are at least i(3g) - 1 vertices 
and at most half of these have degree 2. Thus at least [+(3g - 2)1 vertices on 
C1 U C2 have degree greater than 2. Since C1 and C, meet in at most two vertices, 
at least [a(3g - 2)1 - 2 vertices have neighbors not on Ci U C2. G has at least two 
vertices of degree 4. This produces at least six vertices not on Ci or C2 (two of 
which have been counted already, thus an actual increase of 4). Thus the order of 
G is at least 
$(3g) - 1+ [$(3g - 2)1 - 2 + 4. 
Since g a 8, [$(3g - 2)1 > 6, so the order of G is at least i(3g) + 7 if there are two 
or more cycles. However, we can construct a unicyclic, highly irregular bipartite 
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Fig. 5. Some possibilities for C, and C,. 
c1 c2 
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4-graph with girth g and order g + 2\$g] + 6 < $(3g) + 7. Thus, the minimum 
order graphs are unicyclic. 
To construct a minimum graph when g > 6, begin with a cycle C: vl, 
212,. * . , JJg, Vl* Let the degrees in G be deg 2rl = deg vg = 4. If g = 0 (mod 4), 
then deg uk = 3 for k = 2 or 3 (mod 4) and deg vk = 2 for k = 0 or 1 (mod 4), 
l<k<g. If g=2 (mod4), then degu,=degv,_,=3, degv,=2 for k=O or 3 
(mod 4), and deg vk = 3 for k = 1 or 2 (mod 4), 3 s k s g - 2 (see Fig. 6). Finally, 
in either case, attach a pendant edge at each vertex of degree 3 and attach a P4 
via one of its center vertices at vi and vg. The resulting highly irregular bipartite 
4-graph has girth g and order g + 2[ag] + 6. Cl 
We have characterized the graphs in the families %,,, S1, $,, and &, and in 
Theorem 4 we determined the minimum order for bipartite graphs in Y&. It seems 
to be a difficult task to characterize graphs in %A for A 2 4. We can, however, 
determine the orders for which there is a graph in Y$,, A 2 4. 
Fig. 6. 
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Theorem 5. For any pair of integers n and A such that n 2 24 Z= 8, there exists a 
graph of order n in Sd. 
Proof. Suppose n = 24 2 8. Let HO denote the unique highly irregular bipartite 
A-graph with order 24 described in Remark 3. Let V = {vl, 2rz, . a . , vA} and 
U={u1,u2,..., ud} be its parts, where deg uk = deg uk = k. Next, we describe a 
sequence (H,) of graphs in %h such that the order of H, is 24 + t, t = 1,2, . . . . 
The graph HI is obtained from HO by subdividing the edge t~~u~._~ with vertex V; 
(see Fig. 7a). The graph Hz is formed from HI - v2v; by adding vertex x0 
together with the edge 02xo (see Fig. 7b). The graph H3 is formed from H2 by 
adding vertex x1 together with edge x0x1 (see Fig. 7~). 
The graph H4 is obtained from H2 by deleting u2 and adding the vertices w,, z. 
and zl, together with the edges ~A_lwo, uAz& and zotl. In a similar manner, we 
Fig. 8 
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construct the graphs H,, H6, H,, Z-&, H,, which along with the graph H4 are 
illustrated in Fig. 8. 
Since the set B = (4, 5, 6, 7, 8, 9} forms a complete residue system module 6, 
every integer 12 > 10 can be expressed in a unique way as n = 24 + j + 6k, for 
some j E B and k 3 1. Thus the graph H,, is obtained by attaching a string of k 
minimum order highly irregular 3-trees at vertex z1 in Hi. Each such H, is highly 
irregular and has maximum degree A. 0 
It is easy to show that there is no bipartite graph in ?$, of order 24 + 1, which 
gives the following. 
Corollary 5. For a given positive integer A 3 4, there exists a bipartite graph of 
order n in +?A if and only if n = 24 or n 2 24 + 2. 
4. m-Chromatic graphs 
Corollary 5 has the following generalization kindly communicated to us by 
Chartrand. 
Theorem 6. Let G be a highly irregular m-chromatic A-graph, m 2 3. Then 
A>2m-2. 
Proof. As noted earlier, all graphs in &, OSkC3, are bipartite, so Aa4. If 
m=3, then A>4=2m-2. 
Suppose that m 2 4. Let H be a critically m-chromatic subgraph of G. If 
H = K,, then each vertex of H is adjacent to m - 1 vertices of H (having distinct 
degrees ‘in G), so that H contains a vertex u with deg, u 3 2m - 2, which implies 
that Aa2m -2. 
Finally, suppose that H # K,,,. Since m 2 4, H is not an odd cycle (which is only 
3-chromatic). By a result of Brooks [3], H contains a vertex w of degree at least 
m. Since 6(H) 2 m - 1, w is adjacent to a vertex of degree (in G) at least 2m - 2 
so that A 3 2m - 2. 117 
Theorem 7. For given integers m (23) and A, with A 3 2m - 2, there exists an 
integer f (m, A) such that whenever n 2 f (m, A) there is an m-chromatic graph G 
in +?A having order n. 
Outline of proof. Begin with the graph Ho with vertex set 
I = {aI, a2,. . . , a,-,, bl, b2,. . . , b,,,-,, cl, c2,. . . , c,,-~, e,, e2,. . . , e,-l} 
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and edge set 
E(&) = {bib,, cjck, bjcj : j # k}U{ bjak, Cjek :j 2 k}. 
This graph is a highly irregular, m-chromatic graph of order 4m - 4 with 
A = 2m - 2. For this fixed value of A, the graphs for values of n > 4m - 4 are 
obtained using operations analogous to those used in the proof of Theorem 5. By 
using similar techniques with slightly more complicated constructions, we can 
obtain the graphs with A > 2m - 2. q 
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